o 



> 

u 

■*— > 

c3 



Localization of Atiyah classes 

M. Abate, F. Bracci, T. Suwa and F. Tovena 
May 11, 2010 



In [4], M. Atiyah introduced the notion of complex analytic connections and con- 
structed characteristic classes of holomorphic vector bundles, in the Dolbeault cohomol- 
ogy, via the obstruction to the existence of such a connection for the bundle. In this 
paper, we study localization problems of those classes, which we will call Atiyah classes. 

We first reconstruct the classes using C°° connections of type (1, 0) and developing a 
Chern-Weil type theory for these connections. In fact, the use of this type of connections 
was already present in [4] in the framework of principal bundles and the idea of incor- 
porating this into the Chern-Weil theory had been noted in [5]. We further exploit this 
approach. If we treat the Atiyah classes this way, we may represent a class by a <9-closed 
form, which is a part of the corresponding Chern form. Combined with the Cech-Dolbeault 
cohomology, this viewpoint is particularly suited for localization problems. 

In the case of Chern classes, localization problems arise naturally in many contexts. 
For example, taking the Poincare-Hopf index theorem as a model case, a number of works 
had been done for the indices and residues of vector fields. Then a general residue theory 
for singular holomorphic foliations was developed by P. Baum and R. Bott in [6]. This 
can be interpreted as a localization theory of the characteristic classes of the normal sheaf 
of the foliation based on the Bott vanishing theorem. The point here is that, once we 
have a certain vanishing theorem, we have a localization theory. The index theorem of 
C. Camacho and P. Sad in [11], which was effectively used in their proof of the existence of 
separatrices for holomorphic vector fields on the complex plane, was also interpreted and 
generalized in this context in [15]. There are some other residues for singular foliations 
that can be captured from this viewpoint and they are systematically treated in [18]. Here 
the combination of the Chern-Weil theory and the Cech-de Rham cohomology, originally 
due to [14], is a very convenient tool to described the theory. 

The philosophy and the techniques above turned out to be very effective in other 
problems related to characteristic classes. For example, there is a work [1] in the complex 
dynamical systems that corresponds to the aforementioned work of Camacho-Sad. The 
index theorem used there, which was originally proved in a different way, is shown to be 
proved, in [9], in the framework of residue theory of singular foliations as above. This 
viewpoint gave unification of index and residue theories both for foliations and mappings 
and further generalizations ([2, 3]). 

They are also applied to the study of characteristic classes of singular varieties, that are 
summarized in [10]. The residue theory in this framework led to an analytic intersection 
theory on singular varieties [19], with an application in the discrete dynamical system on 
singular surfaces [8]. See [17] for another development in this direction. 
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In this paper we try to make analogous studies in the case of Atiyah classes, compare 
with and complement the theories in the case of Chern classes. 

In Section 1, we describe the Atiyah classes using connections of type (1,0), as men- 
tioned above, and compare these with the original definition in Section 2. Then we recall 
the Cech-Dolbeault cohomology theory in Section 3. In Section 4, we define Atiyah classes 
in the Cech-Dolbeault cohomology and explain the basic principle of localization. Each 
time we have a "vanishing theorem" , we have a corresponding localization theory and the 
associated residues. In Section 5, we briefly discuss the localization by sections, or more 
generally, by frames. In Section 6, we prove a Bott type vanishing theorem for non-singular 
distributions, which lay foundation to the residue theory for singular distributions. As 
an important example, we give the vanishing theorem coming from the "Camacho-Sad 
action" in Section 7. In Section 8, we discuss singular holomorphic distributions and in 
Section 9, we give an example of Atiyah residues for some singular distribution. 

1 Atiyah classes 

For details of the Chern- Weil theory of characteristic classes of complex vector bundles, 
we refer to [6], [7], [16], [18]. Here we use the notation in [18] (with connection and 
curvature matrices transposed and r and I interchanged). 

1.1 Atiyah forms 

Let M be a complex manifold and E a holomorphic vector bundle over M of rank L For 
an open set U in M, we denote by A P (U) the complex vector space of complex valued 
C°° p-forms on U. Also, we let A P (U, E) be the vector space of ".E-valued p-forms" on 
U, i.e., C°° sections of the bundle /\ p (T^M)* <g> E on U, where (T^_M)* denotes the dual 
of the complexification of the real tangent bundle T^M of M. Thus A°{U) is the ring of 
C°° functions and A°(U, E) is the A°([/)-module of C°° sections of E on U. 

Definition 1.1 A (C°°) connection for E is a C-linear map 

V: A°(M,E) — > A 1 (M ) E) 

satisfying the Leibniz rule 

V(/s) = df ®s + /V(s) for / G A°(M) and s G A°(M, E). 

Definition 1.2 For r = 1, ...,£, an r-frame of E on an open set U is a collection s^ = 
(si, . . . , s r ) of r sections of E linearly independent everywhere on U. An £-frame is simply 
called a frame. 

Definition 1.3 Let V be a connection for E on U, and s^ = (si, . . . , s r ) an r-frame 
of E. We say that V is s^ -trivial if V(sj) = O for i — 1, . . . , r. 

A connection V for E induces a C-linear map 

V: A l (M,E) — > A 2 (M ) E) 



satisfying 

V(w (g)s)=du®s-u A V(s) for w G ^(M) and s G A°(M, £). 

The composition 

K = VoV: A°(M,£) — ► A 2 (M,E) 

is called the curvature of V. It is not difficult to see that K is A°(M)-linear; hence it can 
be thought of as a C°° 2-form with coefficients in the bundle Hom(i?, E 1 ). 

Notice that a connection is a local operator, ie., it is also defined on local sections. 
This fact allows us to obtain local representations of a connection and its curvature by 
matrices whose entries are differential forms. Thus suppose that V is a connection for E. 
If e^ — (ei, . . . , e$) is a frame of E on U, we may write, for i — 1, . . . , £, 

e 
V(eO = 5^0?' <g> e,- with 9\ in ^(C/). 
i=i 

The matrix 9 = (9 3 -) is the connection matrix of V with respect to e^. Also, from the 
definition we get 

e i 

K{ ei ) = Y. K i® e i with «( = <#+£*£ A **- 
i=i fc=i 

We call k = (k]) the curvature matrix of V with respect to e^. If e^' = (e±, . . . , ei) is 
another frame of E on [/, we have e^ = X/ 7 -=i a l e j ^ or suitable functions a\ G C°°(U fl [/), 
and the matrix A = (a?) is non-singular at each point of U fl U. If we denote by 9 and k 
the connection and curvature matrices of V with respect to e^ we have 

= A- 1 ■ dA + A~ X 9A and k = A~ x kA in UDU. (1.4) 

Up to now i£ could have been only a C°° complex vector bundle. Now we use the 
assumption that E is holomorphic. 

Definition 1.5 A connection V for E is of type (1, 0) (or a (1, 0)- connection) if the entries 
of the connection matrix with respect to a holomorphic frame are forms of type (1,0). 

Remark 1.6 (1) It is easy to check that the above property does not depend on the 
choice of the holomorphic frame. 

(2) A holomorphic vector bundle always admits a (1, (J)-connection. In fact let V = {V\} 
be an open covering of M trivializing E. For each A, let Va be the connection trivial with 
respect to some holomorphic frame on V\. If we take a partition of unity {p\} subordinate 
to V and set V = J2 X p\V\, then V is a (1, (J)-connection for E. 

If V is a (1, (J)-connection for E, we may write its curvature K as 

K = K 2 >° + K 1 * 1 



with K 2,0 and K 1 ' 1 , respectively, a (2, 0)-form and a (1, l)-form with coefficients in 
Hom(£', E). Locally, if 9 and k are respectively the connection and the curvature ma- 
trices of V with respect to a (local) holomorphic frame of E, then we can decompose 
k = k 2,0 + k 1 ' 1 according to type, and K 2 ' and K 1,1 are respectively represented by 

K 2 >° = d9 + 6A6 and k 1 ' 1 = 86 . (1.7) 

Thus K 1 ' 1 , being locally 9-exact, is a (9-closed (1, l)-form with coefficients in Hom(E, E). 
With respect to another holomorphic frame, K 1,1 is represented by a matrix similar 
to k 1 ' 1 (cf. (1.4)). Thus for each elementary symmetric polynomial o~ p (with p — 1,2,...) 
we may define a (9-closed C°° (p,p)-form apfo 1,1 ) on M. Locally it is given by (t p {k 1,1 ), 
which is the coefficient of t p in the expansion 

det(J + tK 1 ' 1 ) = 1 + (T^K 1,1 )* + • • • + (TpiK 1 ' 1 )^ + ■■■ . 

In particular, cr^K 1,1 ) = tr^K 1,1 ) and a^K 1,1 ) = det(/t 1 ' 1 ). 

Definition 1.8 Let V be a (1, (J)-connection for a holomorphic vector bundle E of rank £. 
For p — 1, ...,£, we define the p-th Atiyah form a p (V) of V by 

It is a (9-closed (p, p)-form on M. 

More generally, if (p is a symmetric homogeneous polynomial of degree d, we may write 
(p = P(ci, (72, ... ) for a suitable polynomial P. Then we define the Atiyah form ip A (V) 
of V associated to tp by 

^(V) = P(a 1 (V),a 2 (V),...); 

it is a <9-closed (<i, <i)-form on M. 

Remark 1.9 The p-th Chern form c p (V) of V is defined by 

IP" 



c p (V) = (^^J (T p (k), 

which is a closed (2p)-form having components of bidegrees (2p, 0), . . . , (p,p)- The Atiyah 
form a p (V) is then the (p, p)-component of c p (V). In particular, a n (V) = c n (V), where n 
denotes the dimension of M. 

More generally, the Atiyah form tp (V) of V associated to a symmetric homogeneous 
polynomial y? of degree d is the component of type (d, d) of the Chern form </?(V) = 
P^^V), c 2 (V), . . . ) associated to </?. Again, if d — n then <p A {V) = tp(V). 

1.2 Atiyah classes 

Let E be a holomorphic vector bundle over a complex manifold M. As in the case of Chern 
forms, to any set of at least two (1, 0)-connections for E one can associate a difference 
form starting from the usual Bott difference forms. Here we recall the construction in the 
case of two connections and refer to [20, Proposition 5.4] for the general case. 



Thus, given two (l,0)-connections Vo and Vi for E, we consider the vector bundle 
E x R — y M x R and define the connection V for it by V = (1 — t)Vo + tVi, where t 
denotes a coordinate on R. Denoting by [0, 1] the unit interval and by 7r : M x [0, 1] — y M 
the projection, we have the integration along the fiber 

7T* : A 2p {M x [0, 1]) — >■ A 2p -\M). 

Then we set 

C P (Vo,Vi)=7T*( C P(V)). 

The Atiyah difference form a p (Vo, Vi) is the (p,p — l)-component of c p (Vo, Vi). It is 
alternating in Vo and Vi and satisfies 

( 9a p (Vo,V 1 )=^(V 1 )-a p (V ). (1.10) 

This in particular shows that, if V is a (1, 0) -connection for E, the class of a p (V) in 
iJ|' p (M) does not depend on the choice of V. 

Similarly, if tp is a symmetric homogeneous polynomial of degree d then there is a 
(d, d — l)-form <p (Vo, Vi) alternating in Vo and Vi and satisfying 

V 9 A (V 1 )-^(Vo) = ^ A (V ,V 1 ). 

Then we can introduce the following definition : 

Definition 1.11 Let E be a holomorphic vector bundle E of rank £. For p — 1, . . . , I the 
p-th Atiyah class a p (E) of E is the class represented by a p (V) in H^' P (M), where V is an 
arbitrary (1, 0)-connection for E. 

Similarly, if <p is a symmetric homogeneous polynomial of degree d, the Atiyah class 
p A (E) of E associated to p is the class of p A (V) in H^ (M), where V is an arbitrary 
(1, 0)-connection for E. 

Remark 1.12 If n denotes the dimension of M, there is a canonical surjective map 
Hg ,n (M) — y ifJ n (M), which assigns the class of a form u to the class of u. If d = n, 
then ^(V) = y?(V) for any (1, 0)-connection V for E and the image of p A (E) by the 
above map is p(E). In particular, if M is compact, f M p A (E) = J M p(E). 

Moreover, if d — n, then ^(Vo,Vi) also coincides with the usual Bott difference 
form v?(Vo, Vi) for any pair of (1, 0)-connections Vo, Vi for E. 

1.3 Atiyah classes on compact Kahler manifolds 

Let M be complex manifold (not necessarily Kahler) and E a holomorphic vector bundle 
on M. Let h be any Hermitian metric on E and let V h be the associated metric connection, 
i.e., V h is the unique (1, (J)-connection compatible with h. The curvature K of V is then 
of type (1,1), and hence 

cP(V h ) = a p iy h ) for all p > 1. 

In other words, Atiyah and Chern classes of the same degree can be represented by the 
same form. Of course, as classes they are different, because they belong to two different 
cohomology groups: c p (E) = [c p (V ft )] G H d p (M), the de Rham cohomology of M, while 
a p (E) = [a p (V h )} G H% P (M), the Dolbeault cohomology of M. 

However, if M is compact Kahler, the Hodge decomposition yields a canonical injection 
Hg' p (M) ^-y H d p (M), and hence we obtain the following useful relation: 



Proposition 1.13 Let M be a compact Kdhler manifold and E a holomorphic vector bun- 



die on M. Let H : iJ|' p (M) — >■ H d p (M) be the injection given by the Hodge decomposition. 



Then 

H(a p (E))=c p (E) for all p > 1. 

2 Atiyah classes via complex analytic connections 

Atiyah classes were originally introduced by Atiyah in [4], with a different construction. 
In this section we show that our definition yields the same classes. 

Let M be a complex manifold and O the sheaf of germs of holomorphic functions on 
M. For a holomorphic vector bundle E over M we denote by £ = O(E) the sheaf of 
germs of holomorphic sections of E. We also denote by = 0(TM) and Q 1 = 0(T*M) 
the sheaves of germs holomorphic vector fields and of 1-forms on M. All tensor products 
in this section will be over the sheaf O. 

Definition 2.1 A holomorphic (or complex analytic) connection for E is a homomor- 
phism of sheaves of C- vector spaces 

V: 8 — >Q}®£ 

satisfying 

V(/s) = df <g> s + /V(s) for / 6 and s 6 £. 

If e^ = (ei,...,e r ) is a local holomorphic r-frame of E, we shall say that V is 
e^' -trivial if Ve,- = O for j = 1, . . . ,r. 

Remark 2.2 A holomorphic connection V on a holomorphic vector bundle E induces 
naturally a (1, 0) -connect ion V. In fact, let s be a C°° section of E. Let C/ be an open 
set trivializing E and let (ei, . . . , e^) be a holomorphic frame on U. Write s = ^2 i=1 f l &i 
for suitable f l G C°°(U), and set Vs = J2 i=1 (df l ® e, + /*V(ej)). It is easy to check that 
the definition does not depend on the choice of the frame. 

Conversely, a (1, (J)-connection V such that (Vs)(w) is holomorphic wherever s and u 
are holomorphic clearly determines a holomorphic connection. 

Following Atiyah [4], we set 

D(£) = £@(Sl l ®£), 

which is a direct sum as a sheaf of C- vector spaces, endowed with the O-module structure 
given by 

f-(s,a) = (fs,df®s + f<j). 

In particular, we have the following exact sequence of (locally free) (9-modules 

O ^Q}®£^D(E)^E^O. (2.3) 

A splitting of this sequence is a morphism rj: £ — > D{£) of (9-modules such that porj = id. 
Then 
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Lemma 2.4 ([4]) Let E be a holomorphic vector bundle on a complex manifold M. A 
morphism rj: £ — >■ D{£) is a splitting of (2.3) if and only if it is of the form i](s) = 
(s, V(s)), where V is a holomorphic connection for E. Thus E admits a holomorphic 
connection if and only if (2.3) splits. 

The following is also easy to see : 

Lemma 2.5 ([4]) Let V be a holomorphic connection for a holomorphic vector bundle E. 
If £ e Homo{£ , fi 1 <S> £) then 'V + C, is a holomorphic connection for E . Conversely, every 
holomorphic connection for E is of this form. 

The sequence (2.3) determines an element b(E) e H 1 (M 1 Hom(£, Vt l <S> £)) as follows. 
First, applying the functor Hom(£, •) to (2.3) we get the exact sequence 

O — » Hom(£, Vt 1 <g> 5) — ► Hom(£, £>(£)) — ► Hom(£, 5) — ► O, 

and thus the connecting homomorphism 

5 : H° (M, Hom(^, £)) — > H 1 (M, Hom(£, fi 1 ® 5)) . 

Then b(E) = 8 (id) 6 /^(M, Hom(£:, fi 1 (8)5)). It is not difficult to prove the following 

Lemma 2.6 ([4]) A holomorphic vector bundle E admits a holomorphic connection if 
and only if b(E) = 0. 

Now, we have the Dolbeault isomorphism 

H 1 (M, Hom(£, tt 1 ® £)) = H 1 (M, fi 1 ® Hom(5, 5)) ~ i/J' 1 (M, Hom(E, £?)) . 

Let a(E) denote the class in H^ (M, Hom(E, E)) corresponding to —b(E) via the above 
isomorphism (cf. [4, Theorem 5]). Then the original Atiyah class of type (p,p) is defined 

as 



<(E) = (^^J cr p (a(E)); 

we shall show that a p or {E) = a p (E) for all p > 1. To do so we need some definitions. 

Definition 2.7 Let V = {V\} be an open covering of M. A V-splitting of (2.3) is a 
collection {^ A } of splittings 7] x of (2.3) on each V\. A holomorphic V- connection for E is 
a collection {V } of holomorphic connections V for E\y x . 

By Lemma 2.4, a V-splitting determines a holomorphic V-connection and vice versa. 
Furthermore, every holomorphic vector bundle E admits a holomorphic V-connection for 
some open covering V. In fact, let V = {V\} be a covering trivializing E\ then take as V 
a holomorphic connection which is trivial with respect to some holomorphic frame of E 
on V x . 

Definition 2.8 We shall call d-curvature of E a (9-closed (1, l)-form with coefficients in 
Hom(E,E) representing the class a(E). 



The next theorem shows that we can obtain a <9-curvature as the (1, l)-component of 
the curvature of a suitable (1, (J)-connection : 

Theorem 2.9 Let E be a holomorphic vector bundle over a complex manifold M. Then 
a holomorphic V-connection for E determines a (1, ^-connection V for E such that the 
(1, l)-component of the curvature of V is a d-curvature. 

Proof : Let {V } be a V-connection for E with respect to a (sufficiently fine) open 
covering V = {V\} of M. On V\ fl V M the difference £ Am = V — V^ is an (9-morphism 
from S to Q 1 <g> £ , and the collection £ = {£ A/i } is a f-cocycle on V representing —b(E). 

We denote by ^4 p ' 9 (Hom(i?, E 1 )) the sheaf of germs of smooth forms of type (p, q) with 
coefficients in the bundle H.om(E,E); in particular, we may think of Hom(£^,r2 1 <g> S) = 
tt 1 <g> Hom(£,£) as a subsheaf of ^l 1 ' (Hom( J B, E)). Since the sheaf „4 p ' 9 (Hom(£, E)) is 
fine, there exists a 0-cochain {r A } of ^4 1,0 (Hom(i5, E)) on V such that 

^ = t> 1 -t x on \/ A n V^. 

Hence 

V A + r A = V M + r^ on V x n V^. 

In this way we have defined a global (1, 0)-connection V which coincides with V + r A 
on V" A . 

Since the forms £ Am are holomorphic, on V\ fl V^ we have dr x = dr^. Hence we get a 
global (9-closed (1, l)-form uj with coefficients in Hom(.E, E) which is equal to <9r A on V\. 
By chasing the diagrams, it is easy to see that the form u represents the class a(E), 
and thus it is a 9-curvature. Moreover, (1.7) shows that ui is the (1, l)-component of the 
curvature of V, and we are done. □ 
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Corollary 2.10 Let E be a holomorphic vector bundle on a complex manifold M . Then 

al T {E) = cP{E) 
for all p > 1 . 

Remark 2.11 Given a holomorphic V-connection {V }, the 9-curvature u constructed 
in the proof of Theorem 2.9 is not uniquely determined; it depends on the choice of the 
0-cochain {r A }. One way to choose {r A } is to take a partition of unity {p\} subordinate 
to V and set r A = E„P^ A - 

We give now a more explicit expression of the forms introduced in the proof of The- 
orem 2.9. Let d. be the rank of E, and choose an open cover V of sufficiently small open 
sets trivializing E. On each V\ take a holomorphic frame (e A , . . . , e A ) of E and let V be 
the connection on V\ trivial with respect to this frame. Finally, let {h Xfl } be the system 
of transition matrices corresponding to these choices, that is 

e 

e i = I>^)K on Va n ^' 
fe=i 



Then 

e 

j,k=i 

Thus C, Xfl is represented, with respect to the frame (e A , . . . , e A ), by the matrix 

-h^ ■ dW x = dh Xlx ■ (h^)- 1 = dh^ ■ {h^y 1 

as an element of Hom(^,r2 1 ® £ ) ~ Q 1 <g> Hom(^,^) on V> fl V^. Taking a partition of 
unity {p\} subordinate to V, we may set r A = J2 u Pu£, uX , as in Remark 2.11; the global 
(1, 0)-connection constructed in the proof of Theorem 2.9 is then given by V = ^ u p u V, 
and its curvature matrix with respect to the frame (e A , . . . , e A ) is given by r A , and the 
corresponding <9-curvature by dr x . 

As a direct consequence of Lemma 2.6 and Corollary 2.10 we get 

Proposition 2.12 Let E be a holomorphic vector bundle over a complex manifold M . 
If E admits a holomorphic connection then a p (E) = for all p > 1, that is, all Atiyah 
classes of E vanish. 

Remark 2.13 In fact, the existence of a holomorphic connection V implies the stronger 
vanishing a p (V) = for all p > 1. This can be easily seen from (1.7), since the connection 
matrix 8 of V with respect to a holomorphic frame is holomorphic. See Theorem 6.10 
below for more general vanishing results of this type. 

It should be remarked that the converse of Proposition 2.12 is not true. Namely, it 
might happen that a p (E) = for all p > 1 but a(E) ^ 0, as the following example shows. 

Example 2.14 Let M be a compact Riemann surface and L a line bundle over M such 
that a\L) = c l (L) ^ 0. Let E := L © L*. Then c\E) = c l (L) - c l (L) = 0, and by 
Proposition 1.13 it follows a 1 (E) = 0. For dimensional reasons, a p (E) = for all p > 2. 
Now we claim that E does not admit a holomorphic connection, and hence a(E) ^ as 
a class in H^ (M, Hom(£', E)) . In fact, by contradiction, let V denote a holomorphic 
connection for E. Let it: Q 1 ® E — > Q l <E> L denote the projection and l: L — ?> E the 
immersion. It is easy to show that ir o V o i is a holomorphic connection for L. But then 
c x {L) = a 1 (L) = 0, against our assumption. 

3 Cech-Dolbeault cohomology 

In this section, we recall the theory of Cech-Dolbeault cohomology in the case of coverings 
consisting of two open sets. Although it is technically more involved, the ideas are similar 
for the general case of coverings with arbitrary number of open sets. We review relevant 
material for this case in Section 9 and refer to [20] for details 

Let M be a complex manifold of dimension n. For an open set U of M, we denote by 
A p,q (U) the vector space of C°° (p, g)-forms on U. Let U = {Uo, U{\ be an open covering 
of M. We set C/oi — UoHUi and define the vector space A p,q (U) as 

A p ' q (U) = A™(U ) © A^{U X ) © A^-\U 01 ). 



Thus an element a in A p,q (U) is given by a triple a = (<7o,<7i, <7oi) with <7j a (p, g)-form 
on Ui, i — 0, 1, and <t i a (p, g — l)-form on C/oi- 

We define a differential operator D: A p ' q (U) -+ A p > q+1 (U) by 

Da = (d(To, da l , (Ti - (To - da 01 ). 

Then we have D o D = and thus a complex for each fixed p : 

► A^-^W) 3 ^ A p > q (U) ^ A M+1 (W) — ► • • • . 

We set 

H p £ q (U) = KerD p ' q /ImD p ' q - 1 

and call it the Cech-Dolbeault cohomology of U of type (p, q). We denote the image of a 
by the canonical surjection Ker D p,q — > H^ q (U) by [a]. 

Let Hg' q (M) denote the Dolbeault cohomology of M of type (p, g). 

Theorem 3.1 The map a: A p ' q (M) — > A p,q {U) given Jjw4 (oj,oj,0) induces an iso- 
morphism 

a: H p > q (M) -^ H™(U). 

Proof : It is not difficult to show that a is well-defined. To prove that a is surjective, 
let a = (o" , <7i, o~oi) be such that Da = 0. Let {po, Pi} be a partition of unity subordinate 
to the covering U. Define uj = p a + p\a\ — dp A <7 i. Then it is easy to see that du = 
and [(u;,u;, 0)] = [a]. The injectivity of a is also not difficult to show. □ 

We define the cup product 

A p ' q {U) x A p '' q '(U) — > A p+p '' q+q '(U), (3.2) 

assigning to a in A p ' q {U) and r in A p ,q (U) the element a ^ r in A p+P ,q+q (U) given by 

(a ^ r) = cr A r , (a ^ r)i = <7i A n and (cr v> r ) 01 = (_i)p+V A r i + a 01 A n. 

Then a ^ r is linear in a and r and we have 

D(a - r) = Da - r + (-1) P+ V - L>r. 

Thus it induces the cup product 

H^iU) x H p B ' q '(U) — > H p B +p '' q+q '(U) 

compatible, via the isomorphism of Theorem 3.1, with the product in the Dolbeault 
cohomology induced from the exterior product of forms. 

Now we recall the integration on the Cech-Dolbeault cohomology. Let M and U = 
{Uq, Ui} be as above and {-Ro, -Ri} a system of honey-comb cells adapted to U (cf. [14], 
[18]). Thus each Ri, % — 0, 1, is a real sub manifold of dimension In with C°° boundary in 
M such that Ri C Ui, M = R U Ri and that Int R n Int R-y = 0. We set R 01 = i? D i?i, 
which is equal to <9i?o = —dR\ as an oriented manifold. 
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Suppose M is compact; then each Ri is compact and we may define the integration 

: A n ' n {U) — > C 



as the sum 



<y = / 0o + / 01 + / 001 

M JR JRx Jr 01 



for a in A n,n (U). Then this induces the integration on the cohomology 



: H% n {U) — ► C, 

M 



which is compatible, via the isomorphism of Theorem 3.1, with the usual integration on 
the Dolbeault cohomology H^' n (M). Also the bilinear pairing 

A p ' q (U) x A n - p ' n - q (U) — ► A n -"(W) — ► C 

defined as the composition of the cup product and the integration induces the Kodaira- 
Serre duality 

KS: H P B ' g (M) ~ #g 9 (W) ^ H n D P > n - q (Uy ~ H'f p ' n - q (M)*. (3.3) 

Now let 5" be a closed set in M. Let £7o — ^f \ 5* and C/i a neighborhood of 5 in M, 
and consider the covering U = {Uq, U{\ of M. We denote by A p ' q (U, Uq) the subspace of 
A p,q {U) consisting of elements o with o"o = 0, so that we have the exact sequence 

O — )• A M (W, C/ ) — ► A M (W) — ► A M (f/ ) — ► o. 

We see that 5 maps A p ' q (U, U ) into A M+1 (W, U ). Denoting by H p ^ q (U, U ) the q-th 
cohomology of the complex (A P, '(U, Uq), D), we have the long exact sequence 

► H^-\Uo) — ► flg*(W, ^o) -> flg«(W) — ► ^(^o) — ► • • • ■ (3.4) 

In view of the fact that H p ^ q (U) ~ H% q (M), we set 

H% q (M,M\S) = H% q (U,U ). 

Suppose S is compact (M may not be) and let {Ro,R±} be a system of honey-comb 
cells adapted to U. Then we may assume that R\ is compact and we have the integration 
on A n ' n (U, Uq) given by 



= / 0i + / 0oi- 

M JRx JRo! 

This again induces the integration on the cohomology 

/ : H% n (U, U ) — ► C. 

J M 

The cup product (3.2) induces a pairing A P - 9 (W, £7" ) x A n - p ' n - q (Ui) -»■ A"' n (W, £/ ) 
which, followed by the integration, gives a bilinear pairing 

A p ' 9 (W,[/ ) x A n - p > n -«(I7i) — ► C. 
11 



This induces a homomorphism 

A: H p ' q (M, M\S) = H p £ q (U, U ) — ► Hf 1 ^^)*, (3.5) 

that we call the d- Alexander homomorphism. Note that, although H^ q (M, M \ S) does 
not depend on the choice of U\ because of the exact sequence (3.4), H^~ p ' n ~ q (Ui)* does 
depend on the choice of U\. From the above construction, we have the following 

Proposition 3.6 If M is compact, the following diagram is commutative: 

m q (M,M\s) -^-> m q (M) 



A 



KS 



Hf p ' n - q (u 1 y -±-> H n f p ' n - q {My. 
4 Localization of Atiyah classes 

In this section we describe a general scheme for dealing with localization problems. 

4.1 Atiyah classes in the Cech-Dolbeault cohomology 

Let M be a complex manifold and U = {Uq,Ui} an open covering of M consisting of two 
open sets, so that 

A P > P (U) = A P > P (U ) © A^Ui) © A**-\U Q1 ). 

For % — 0, 1, let V« be a (1, (J)-connection for E on Ui. Then the cochain 

a*(V„) = (a p (V ),a p (Vi),a p (V , Vi)) 

is in fact a cocycle, because of (1.10), and thus defines a class [a p (V*)] in H^ P (U). 

As in the case of Chern classes, it is not difficult to show that the class [a p (V*)] does 
not depend on the choice of the connections V» and corresponds to the Atiyah class a p (E) 
via the isomorphism of Theorem 3.1 (cf. [18, Ch.II, 8. D]). 

Similarly, if tp is a symmetric homogeneous polynomial of degree d, the cocycle 

VAV.) = (vAVo), vAVi), vAV , V0) (4.1) 

defines a class in H^ (14), which corresponds to the class tp A (E) via the isomorphism of 
Theorem 3.1. 

4.2 Localization principle 

Let M be a complex manifold of dimension n and E a holomorphic vector bundle of 
rank I over M. Also, let S be a closed set in M and U\ a neighborhood of S. Setting 
Uq — M \ S, we consider the covering 14 = {Uq, Ui} of M. Recall that for a homogeneous 
symmetric polynomial (p of degree d, the characteristic class <p A (E) in H£ (14) ~ ifg' (M) 
is represented by the cocycle ip A (V*) in A d,d (U) given by (4.1). 
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It often happens (see, e.g., Remark 2.13, Theorems 5.1 and 6.10 below, or [2, 3]) that 
the existence of a geometric object 7 on Uq implies the vanishing of tp(E\u ) or of tp A (E\u Q ), 
or even of the forms representing them, for some symmetric homogeneous polynomial tp. 
In this section we shall show that in this case we can localize the class tp A (E) at S. 

To formalize this idea, assume that given a symmetric homogeneous polynomial tp we 
can associate to 7 a class C of (1, 0)-connections for E\u such that 

</(V) = O 

for all V G C. We shall also assume (see, e.g., Theorem 6.10) that 

^(V ,Vi) = O 

for all pairs Vo, Vi G C. In this case we shall say that tp is adapted to 7, and we shall 
call any connection in C special. 

Assume that Vo is special and tp is adapted to 7. The cocycle tp A (V*) is then in 
A d ' d {U, U ) and thus it defines a class in H^' d (M, M\S), which is denoted by tp A (E, 7). It 
is sent to the class tp (E) by the canonical homomorphism j* : H^ (M, M\S) — > H^ (M). 
It is not difficult to see that the class tp A (E, 7) does not depend on the choice of the special 
connection Vo or of the connection Vi (cf. [18, Ch.III, Lemma 3.1]). We call tp A (E,~f) 
the localization of tp A (E) at S by 7. 

Suppose now S is compact. Then we have the <9-Alexander homomorphism (3.5) 

A-. H d B 4 (M,M\ s) — ► iq- d > n - d {u l y. 

Thus the class tp A (E,~f) defines a class in Hq~ ' n ~ (Ui)*, which we call the residue of 7 
for the class tp A (E) on U\, and denote by Res^A^, E\U\). 

Suppose moreover that S has a finite number of connected components {S\}a- For 
each A, we choose a neighborhood U\ of S\ so that U\ D U^ — if A 7^ \x. Then we have 
the residue Res<^4(7, E; U\) in H?~ ' n ~ (U\)* for each A. Let R\ be a 2n-dimensional 
manifold with C°° boundary in U\ containing S\ in its interior and set R \ = —dR\. 
Then the residue Res^A^, E\ U\) is represented by a functional 



V ^ j i p A (V 1 )Ar ] + j tp A (V ,V 1 )Ar ] (4.2) 



R\ J Ro\ 

for every <9-closed (n — d,n — <i)-form 77 on U\. 

From the above considerations and Proposition 3.6, we have the following residue 
theorem : 

Theorem 4.3 Let E be a holomorphic vector bundle on a complex manifold M of di- 
mension n. Let S be a compact subset of M with a finite number of connected compo- 
nents {S\}\. Assume we have a geometric object 7 on Uq = M \ S and a symmetric 
homogeneous polynomial tp of degree d, adapted to 7. For each A choose a neighbour- 
hood U\ of S\ so that UxHUn = when A^/i. Then : 



[1) For each connected component S\ the residue Kes^A (7, E; U\) in the dual space 
H^~ ,n ~ (U\)* is represented by the functional (4.2); 
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(2) if moreover M is compact, then 

Yl(i\)&*^('r,E',U x )=KS(<p A (E)) in H n f d ^ d {M)\ 

A 

where i\\ U\ '—¥ M denotes the inclusion. 

Remark 4.4 If d = n and M is compact and connected, then H?~ d ' n ~ d (M)* = H°f(M)* 
may be identified with C, and in this case, (i\)*Tles v A('-f, E; U\) is a complex number given 
by 

/ vAVi)+/ ^(V ,Vi), 

J R\ J Rqx 

and KS(<p A (E)) may be expressed as f M (p A (E). 

Furthermore, in this case H^ (M)* = Hq(M,C), and cp A may be replaced by (p (cf. 
Remark 1.12) so that the Atiyah residue equals the Chern residue. 

We finish this section by studying what happens in the case of compact Kahler man- 
ifolds. Thus let M be a compact Kahler manifold of dimension n, and E a holomorphic 
vector bundle on M. We have the following commuting diagram : 

Hf(M) — ?-> H 2 /(M) 

KS I 
H n- P ,n- P{M y _H^ iJ 2 „_ 2p (M, C). 

where H denotes the injection given by the Hodge decomposition, H* the injection given 
by the dual decomposition, and P the Poincare isomorphism, which is given by the cap 
product with the fundamental cycle [M]. 

Since H({p A (E)) = <p(E) in this case (Proposition 1.13), applying H* to the both sides 
of the formula in Theorem 4.3.(2), we actually have a localization result for Chern classes : 

Theorem 4.5 Let E be a holomorphic vector bundle on a compact Kahler manifold M 
of dimension n. Let S be a compact subset of M with a finite number of connected com- 
ponents {S\}\. Assume we have a geometric object 7 on Uq = M \ S and a symmetric 
homogeneous polynomial Lp of degree d, adapted to 7. For each A choose a neighbour- 
hood U\ of S\ so that U\ l~l Ufj, = when A^/i. Then 

^#*((i A )*Res^( 7 ,£;[/;0) = tp{E) - [M] tn H 2n _ 2d (M,C)- 



Notice that H^((ix)*Res (p A('j, E;U\)) is represented by a cycle C such that for each 
closed (2n — 2d)-form u, the integral f c u is given by the right-hand side of (4.2) with 
i] a (9-closed (n — d,n — <i)-form representing the (n — d,n — <i)-component of the class 
[w] e H 2 d d - 2n (M). 
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5 Localization by frames 

In this section we give a first example of localization of Atiyah classes following the scheme 
indicated in the previous section. 

The starting point is the following vanishing theorem, which is a consequence of the 
corresponding vanishing theorem for Chern forms (cf., e.g., [18, Ch.II, Proposition 9.1]). 

Theorem 5.1 Let E be a holomorphic vector bundle of rank £ on a complex manifold M . 
Let s^ = (si, . . . , s r ) be an r -frame of E on an open set U C M , and V an s^ -trivial 
(1, 0)- connections for E on U. Then 

a p (V) = 0, on U for p > £ - r + 1. 

Let S be a closed set in M and assume we have an r-frame s^ of E on M \ S. We 
let Uq — M \ S, choose a neighborhood U\ of S, and consider the covering U = {Uq, U\} 
of M. Let Vo be an s( r )-trivial (1, 0)-connection for E on Uo, and Vi an arbitrary (1, 0)- 
connection for E on Lq. The p-th Atiyah class a p (E) is represented by the Cech-Dolbeault 
cocycle 

a p (V,) = (aP(V ),aP(Vi),aP(V , Vi)). 

By Theorem 5.1, if p > £—r+l, we have a p (Vo) = 0; thus a p (V*) G A P,P (U, Uo) determines 
a class in ff|' p (M, M\S), which we denote by a p (E, s^) and call the localization of a p {E) 

by s^. 

Remark 5.2 If we have several s^-trivial (1, 0)-connections, we also have the vanish- 
ing of their difference form, and so s^-trivial (1, (J)-connections are special in the sense 
discussed in the previous section. As a consequence, the localization a p (E, s^ r ') does not 
depend on the choice of the s ^-trivial (1, 0)-connection Vo (or of the (1, 0)-connection 
VO; cf. [18]. 

Example 5.3 Let C be a compact Riemann surface and L a holomorphic line bundle 
over C. Suppose we have a meromorphic section s of L and let S be the set of zeros and 
poles of s. The previous construction gives us the localization a x (L, s) in H^ (C, C\S) 
of a x (L) in H^ (C). Note that S consists of a finite number of points. Let p be a point 
in S and choose an open neighborhood U of p not containing any other point in S and 
trivializing L. Let e be a holomorphic frame of L on U, and write s = fe with / a 
meromorphic function on U. Let Vo be the s-trivial connection for L on C \ S and Vi 
the e-trivial connection for L on U. If we denote by % the embedding U <—)■ C, we have 
(by Theorem 4.3 and Remark 4.4) 

i,Res i(L,s;J7)= / ^(Vi) - / o^Vo.Vi). 

J R JdR 

But we also have a x (Vi) = 0, and a computation gives 

V^ldf 



^(VcV 



27T /■ 



So 



z*Res a i(L, s; C/J = - — ^=Res p ( — 



1 t. /"d/ 

27 r7^T ReSp It 
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and Theorem 4.5 yields 

£srT=T Res >(fW al(L) - 

its 2 "v -1 \1 J Jc 

In particular we have recovered the classical residue formula for the Chern class, as 
f c c 1 (L) = f c a 1 (L) in this case. 

See [20] for another fundamental example of localized classes of this type, i.e., the 
"(9-Thom class" of a holomorphic vector bundle. 

6 A Bott type vanishing theorem 

Let M be a complex manifold and E a complex vector bundle over M. If H is a subbundle 
of the complexified tangent bundle T^M, then its dual H* is canonically viewed as a 
quotient of (T^M)*. We denote by p the canonical projection (T£M)* —¥ H* . Following 
[6], we give the following definition. 

Definition 6.1 A partial connection for E is a pair (H,S) given by a subbundle H of 
T^M and a C-linear map 

5 : A°(M, £7) — ► A°(M, /J* (g) £) 

satisfying 

S(fs) = p(df) ® s + /«J(s) for / G A°(M) and s G A°(M, E). 

As in the case of connections, it is easy to show that a partial connection is a local 
operator and thus it admits locally a representation by a matrix whose entries are C°° 
sections of H*. 

Definition 6.2 Let (H, S) be a partial connection for E. We say that a connection V for 
E extends (H, 5) if the diagram 

A°(M,E) — ^ A 1 (M,f?)=A (M,(T|M)*(8)f?) 



/(/ 



/0®1 



A°(M,£) — 1—> A°(M,H*®E) 

is commutative. 

It is easy to see that the following lemma holds ([6, Lemma (2.5)]). 
Lemma 6.3 Any partial connection for a complex vector bundle admits an extension. 
Example 6.4 If E is holomorphic, then we have the differential operator 

B: A°(M,E) — ► A°(M ) T*M®E). 
The pair (TM, 8) is a partial connection for E. 
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The following is not difficult to prove : 

Lemma 6.5 ([6]) A connection V for a holomorphic vector bundle E is of type (1,0) if 
and only if it extends (TM, d) . 

Definition 6.6 Let E be a holomorphic vector bundle over M . A holomorphic partial 
connection for E is a pair (F, 6) given by holomorphic subbundle F of TM and a C-linear 
homomorphism 

8 : 8 — ► J 7 * <g> £ 

satisfying 

<5(/ s ) = p(d/) <g> s + fS(s) for / 6 O and sG^. 

We shall also say that 6 is a holomorphic partial connection a/ong F. 

Remark 6.7 A holomorphic partial connection (F, 8) for a holomorphic vector bundle E 
induces a partial connection in the sense of Definition 6.1 (cf. Remark 2.2). Conversely, 
if (F,S) is a (C°°) partial connection such that <5(s)(w) is holomorphic wherever s and -u 
are holomorphic, then it defines a holomorphic partial connection, and we shall say that 
(F, 5) is holomorphic. 

Note that, if there is an "action" of F on E, it naturally defines a partial connection 
for E along F (cf. [18, Ch.ll, 9]). 

Remark 6.8 A holomorphic connection Von£ clearly gives a holomorphic partial con- 
nection [TM, V). The connection V in Remark 2.2 (that is, V viewed as a C°° connec- 
tion) is a connection extending (TM © TM, V © d). 

Definition 6.9 Let (F, 5) be a partial holomorphic connection for E. An F -connection 
for £7 is a connection for £? extending (F © TM, <5 © d). 

Using holomorphic partial connections we have a vanishing theorem generalizing Propo- 
sition 2.12 : 

Theorem 6.10 Let M be a complex manifold of dimension n and F a holomorphic sub- 
bundle of rank r of TM. Let E be a holomorphic vector bundle over M and (F, 5) a 
holomorphic partial connection for E. If Vo, . . . , V g are F -connections for E, then 

^(V„,...,V g ) = 

for all homogeneous symmetric polynomials ip of degree d > n — r. 

Proof : For simplicity, we prove the theorem for the case q = 0. The case for general 
q follows from the construction of the difference form (see [20]). 

Thus let V be an F-connection for E. Note that the problem is local; so choose a 
holomorphic frame s^ = (s±, . . . , sg) of E on some open set U, and let 9 be the connection 
matrix of V with respect to s^\ Taking a smaller U, if necessary, we may write TM = 
F(BG for some holomorphic vector bundle G of rank n—p on U. We have the corresponding 
decomposition T*M = F* © G*. Taking, again if necessary, a smaller U, we can choose 
a holomorphic frame u^ = (u±, . . . , u r ) of F on U . Let (u*, . . . , u*) be the holomorphic 
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frame of F* dual to u^ and (i>*, . . . , v *_ r ) a holomorphic frame of G* on [/. Since V is of 
type (1, 0), each entry of 9 may be written as YTj=i aJu *j + X]fc=i ^fc w ^ n qJ > ^ e C°°(U). 
By definition, we have V(sj)( , u : ,) = 5(sj)(iz,-), which is holomorphic. Thus each & is 
holomorphic and hence the corresponding entry of k 1 ' 1 = 89 is of the form 

n—r 

fc=i 

which yields the theorem. □ 

Another proof of the same theorem can be given along the lines of the original Bott 
vanishing theorem and of [3, Theorem 6.1] : 

Proof : [Second proof of Theorem 6.10] Let V and TM = F © G be chosen as in the 
previous proof. The curvature K of V satisfies 

K(X,Z) = 

for all sections X of F and Z of TM. Hence, if {u*, . . . , u*, v I, . . . , v^_ r , dz±, . . . , dz n } is a 
basis of (Tj|M)* with respect to the decomposition TJfMcgi = F(BG(BTM, it follows that 
the (1, l)-part of each entry of the curvature matrix of K in such a frame is of the form 

n—r n 
j=l k=l 

and again the assertion follows. □ 

Remark 6.11 The previous vanishing theorem is the analogous of the Bott vanishing 
theorem for Chern forms. As shown in [3, Theorem 6.1], under the same hypotheses we 
have v?(V) = for a symmetric homogeneous polynomial (p of degree d > n — r + [|], 
where [q] denotes the integer part of q. 

See Section 9 below for an example where the Atiyah form vanishes but the corre- 
sponding Chern form does not. 

Remark 6.12 A version of this Bott type vanishing theorem for Atiyah classes is proved 
in [5, Proposition (3.3)] and [12, Proposition 5.1] by cohomological arguments (actually, in 
the latter the authors assume F to be involutive, but involutiveness is not really needed in 
their argument). The above theorem gives a more precise form of the vanishing theorem 
in the sense that it gives the vanishing at the form level. 

Putting together Theorem 6.10, Remark 6.11 and Propositions 1.13 and 2.12, we have 

Theorem 6.13 Let E be a holomorphic vector bundle on a complex manifold M . Assume 
that E admits a holomorphic connection V, and let V be correspoonding (1, 0)- connection 
(cf. Remark 6.8). Let tp be a a symmetric homogeneous polynomial of degree d > 0. Then 
if A (V) = 0. Moreover if d > [|] ; then (p(V) = 0. Furthermore, if M is compact Kahler 
then <p(E) = always. 
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7 Partial connection for the normal bundle of an in- 
variant submanifold 

Let M be a complex manifold. A (non-singular holomorphic) distribution on M is a 
holomorphic subbundle F of TM. The rank of the distribution is the rank of F. In 
this section, we construct a partial connection for the normal bundle of an invariant 
submanifold of a distribution. 

Let V be a complex submanifold of M. We denote by Xy C O the idealsheaf of 
holomorphic function germs vanishing on V so that Oy = O /Xy is the sheaf of germs of 
holomorphic functions on V . Denoting by Ny the normal bundle of V in M, we have the 
exact sequence 

O — > TV — y TM\ V -^* N v — ► O. 

We say that a distribution F on M leaves V invariant (or F is tangent to V), if 

F\yCTV. 

Theorem 7.1 Let V be a complex submanifold of M. If a distribution F on M leaves 
V invariant, there exists a holomorphic partial connection 8 for the normal bundle Ny 
along F\y. 

Proof : Let ibea point in V and take u G Oy(F\y) x and s G Oy(Ny) x . Let u G T x 
and sG0 2 such that u\y = u and 7r(s|y) = s, where n: Oy{TM\ v ) —y Oy(N v ) is the 
natural projection. Define 5 : O v (N v ) — y O v (F\ v )* ® O v {N v ) by 

8{s){u) :=tt([u,s\\ v ). 

It is easy to show that d does not depend on the choice of s. As for u, let F be locally 
generated by holomorphic sections vi,...,v r of TM, where r = rankF. Choose local 
coordinates {z\, . . . , z n } on M such that V = {z m+ i — . . . — z n — 0}. We shall denote 
by Tfc any local vector field of the form Y^T=i a ^ ~§T with Oj G Xy (where clearly Xy — 0)\ 
by Nk any local vector field of the form X^=m+i a "'^ _ with a- 7 G Xy; and by Rk any local 
vector field of the form Y^j=i a: 'w~ with a J G X v . 

Since F|y C TV, it follows that Vj — T + N ± + R 2 for j — 1, . . . , r. Therefore, since 
the rank of F and the rank of F\y are the same, if 

r 

u = S2g 3 v j \v 



with gi G Cy, then 



3=1 



u = Y^9 j!d 3 



3=1 



with g 3 G (9 such that g J \y = g 3 . Denoting by g 3 the natural extension (zi, . . . ,z n ) ^-> 
g 3 (z m+ i, . . . , z n ), it follows that 

^ — g 3 = hP G X v . 
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Hence 

r r 

3=1 3=1 

But 

h?Vj = h j (T + N ± + R 2 ) =T 1 + R 2 , 

and it is easy to see that this latter term does not give any contribution to the expression 
7r([u, s\\v)- From this it follows that 8 is well defined, and it is easy to check that it is a 
holomorphic partial connection. □ 

Note that the above partial connection is already known for foliations (cf. e.g., [15]). 
From Theorems 7.1 and 6.10, we have 

Corollary 7.2 Let V be a complex submanifold of M of dimension m and F a distribution 
on M of rank r leaving V invariant. Also letV be a (1, 0)- connection for Ny extending the 
partial connection S of Theorem 7.1. Then y? A (V) = O for all symmetric homogeneous 
polynomial (p of degree d > m — r. 

We also get the following obstruction to the existence of distributions (not necessarily 
integrable) tangent to a given submanifold : 

Corollary 7.3 Let V and F be as in Corollary 7.2. Then ip A (Ny) = O for all symmetric 
homogeneous polynomial p> of degree d > m — r. 

Moreover, if V is compact Kahler then we have tp(Ny) = O for all symmetric homo- 
geneous polynomial ip of degree d > m — r. 

8 Residues of singular distributions 

A general theory of singular holomorphic distributions can be developed modifying the 
one for singular holomorphic foliations (cf. [6], [18, Ch.VTj), omitting the integrability 
condition. 

Let M be a complex manifold of dimension n. For simplicity, we assume that M is 
connected. 

Definition 8.1 A (singular) holomorphic distribution of rank r on M is a coherent sub- 
C^-niodule J^ of rank r of 0. 

In the above, the rank of J 7 is the rank of its locally free part. Note that, since G 
is locally free, the coherence of J 7 here simply means that it is locally finitely generated. 
We call J 7 the tangent sheaf of the distribution and the quotient Mr = Q/J 7 the normal 
sheaf of the distribution. 

The singular set 5 , (J r ) of a distribution T is defined to be the singular set of the 
coherent sheaf Afjr : 

SiJ 7 ) = Sing(A/» = {x e M \ Mtx is not 0,-free}. 

Note that Sing(J-*) C S^). Away from 5 , (J r ), the sheaf J 7 defines a non-singular 
distribution of rank r. 
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In particular, if J 7 is locally free of rank r, in a neighborhood of each point in M it 
is generated by r holomorphic vector fields V\, . . . ,v r , without relations, on U . The set 
S , (J r ) fl U is the set of points where the vector fields fail to be linearly independent. 

Singular distributions can be dually defined in terms of cotangent sheaf. Thus a 
singular distribution of corank q is a coherent subsheaf Q of rank q of fl 1 . Its annihilator 

jr = go. = { v e e | ( V} u) = for all u E Q } 

is a singular distribution of rank r = n — q. 

Corollary 7.3 in the previous section has a slightly stronger version when the rank of 
the distribution is equal to the dimension of the submanifold. Namely 

Proposition 8.2 Let V C M be a complex submanifold of dimension to. Let J 7 be a 
(possibly singular) holomorphic distribution of rank to. Assume that J 7 ® Oy C Oy(TV) 
and that E = 5 , (J r ) fl V is an analytic subset of V of codimension at least 2. Then 
a P(N v ) = Oforallp>0. 

Moreover, ifV is compact Kahler then c p (Ny) = O for all p > 0. 

Proof : We shall show that there exists a holomorphic connection for Ny, then the 
result follows from Theorem 6.13. 

By Theorem 7.1 there exists a holomorphic connection V for Ny on V \ E. We are 
going to prove that such a connection extends holomorphically through E. Indeed, let 
pGE. Let U be an open neighborhood of p in V such that Ny\u is trivial. Let e±, . . . , e^ 
be a holomorphic frame for Ny\u (here k = dim M — to). Let u be the connection matrix 
of V on U \ E. With respect to local coordinates (zi, . . . ,z m ) on U, the entries of u 
are (l,0)-forms of the type Y2j a j( z )^ z j with a,j : U \ E — > C holomorphic. Since E has 
codimension at least two in U, Riemann's extension theorem implies that each aj admits 
a (unique) holomorphic extension to U. In this way we have extended V over U, and 
hence Ny admits a holomorphic connection. □ 

Now suppose J 7 is a singular distribution of rank r and set U = M\S and S = 5 , (J r ). 
Let U\ be a neighborhood of S in M and consider the covering U = {Uq,Ui}. On Uq, we 
have a subbundle F of TM such that J"V = O(F ). 

Suppose E is a holomorphic vector bundle on M admitting a partial holomorphic con- 
nection (Fq,S) on Uq- Then, choosing an Fo-connection Vo on Uq and a (1, (J)-connection 
Vi on Ui, for a symmetric homogeneous polynomial tp of degree d > n — r, we have 
the localization y? A (£, J 7 ) in H d /(U,U ) of v? A (£) in ^' d (W) ~ H^ d (M) and, via the 
(9- Alexander homomorphism, the corresponding residues. 

We restate the residue theorem (Theorem 4.3) in this context : 

Theorem 8.3 In the above situation, suppose S has a finite number of connected com- 
ponents {S\}\. Then: 

(1) For each A we have the residue R,es lfi A(J-',E; U\) in H^~ ' n ~ (U\)*; 

(2) if M is compact, then 

J2(ix)*Re Sv> A(f,E;U x ) = KS( V A (E)) m Hf d > n - d (M)*. 
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9 An example 



In this section, we give an example of the Atiyah residue of a singular distribution on the 
normal bundle of an invariant submanifold. 
We start with the 1-form 

ui = z dx + z dy — y dz 

on C 3 with coordinates (x,y,z). It defines a corank one singular distribution on C 3 with 
singular set {y = z = 0}. As generators of its annihilator, we may take the vector fields 

d d d d . . 

Vl = y— + z— and v 2 = — . (9.1) 

ay oz ox ay 

It leaves the plane {z = 0} invariant. Note that from u A du = —z dx A dy A dz, we see 
that u defines a contact structure on C 3 with singular set {z = 0} (Martinet hyper surf ace). 
We will see that the first Atiyah class of the normal bundle of the (projectivized) Martinet 
hypersurface is localized at the singular set of the corresponding distribution. 

Now we projectivize everything. Thus let P 3 be the complex projective space of di- 
mension three with homogeneous coordinates C = (Co : Ci : C2 : Cs)- The projective space 
P 3 is covered by four open sets W^' , < i < 3, given by Q 7^ 0. We take the original 
affine space C 3 as W^ with x = C1/C0, V — C2/C0 an d z = Cs/Co- 

We consider the corank one distribution Q on P 3 naturally obtained as an extension 
of the above : 

(0) On W(°\ Q is defined by u = z dx + z dy — y dz as given before. 

(1) On W^\ we set Xi = Co/Ci? Hi — C3/C1 an( i z i — C2/Ci- Then Q is defined by 

ui\ = —y\ dx\ — X\Z\ dyi + x\y\ dz\. 

(2) On W( 2 \ we set x 2 = C3/C2, IJ2 = C0/C2 and z 2 = (1/(2- Then Q is defined by 

^2 = -2/2 dx 2 - x 2 z 2 dy 2 + x 2 y 2 dz 2 . 

(3) On W (3 \ we set x 3 = (2/(3, 2/3 = C1/C3 and z 3 = (0/(3- Then Q is defined by 

w 3 = z 3 dx 3 + z 3 dy 3 - y 3 dz 3 . 

Note that Ui = (Cj/d) 3uj j i n W^ fl W^ so that the conormal sheaf of the distribution 
Q is locally free of rank one and, as a line bundle, it is three times the hyperplane bundle 
on P 3 . Let J 7 = Q a be the annihilator of Q, which defines a singular distribution of 
rank two on P 3 . The singular set 5 , (J r ) of J 7 , which coincides with that of Q, has three 
irreducible components Si = {( 2 = C3 = 0}, S 2 = {Co = C3 — 0} and S 3 = {Co = Ci — 0}- 
We have a subbundle F of rank 2 of TP 3 on P 3 \ S , (J r ) defining J 7 away from S , (J-'). 

The distribution J 7 leaves the hyperplane V = {( 3 = 0} ~ P 2 invariant and we work 
on V. In fact the distribution J 7 also leaves the singular hypersurface {C0C3 = 0}) which 
contains the whole S^J 7 ), invariant. This case will be treated elsewhere [21]. 

Thus we consider the singular distribution Ty = J 7 <E> Oy on V, whose singular set S 
is given by S = ^(J 7 ) fl V — Si U S 2 . We let P = (0 : 1 : : 0), which is the intersection 
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point of Si and S 2 . The restriction of the bundle Fy j0 = F \y defines Ty on Uq = V \ S. 
As is shown in Section 7, the normal bundle Ny of V in P 3 admits a partial connection 
along Fy t Q on Uq and the first Atiyah class ^(Ny) is localized near S and yield an "Atiyah 
residue" . 

Note that, although the first Chern class ^(Ny) is not a priori localized in this context, 
it has the "Atiyah localization" and the "Atiyah residue", since it coincides with a}(Nv), 
V being compact Kahler (see Remarks 9.7 and 9.13 below). 

To describe the localization more precisely, we need the Cech-Dolbeault cohomology 
theory for coverings involving more than two open sets, as S is singular in our case. We 
briefly recall what is needed in our case. 

Let Uq = V \ S be as above and let Ui, U 2 and U 3 be neighborhoods of Si \ {P}, 
S 2 \ {P} and P in V, respectively, such that U x C W^\ U 2 C W^ and U 3 C W (1 \ Then 
U = {Uq, . . . , U3} is a covering of V and W = {Ui, U 2 , U3} is a covering of U' = UiUU 2 UUs, 
which is an open neighborhood of S in V. Letting U^ = Ui fl Uj and U^ = Ui fl Uj fl Uk, 
we set 

A*«(U) = ® l A^{U l ) ®ij A^-\Uij) <B id , k A^~ 2 {U ijk ), (9.2) 

where in the first sum, < % < 3, in the second, < % < j < 3 and in the third, 
0<i<j<k<3. The differential operator 

D:A p ' q (U) ^A p ' q+1 (U) 

is defined by 

D((Ji, (Jij, (Tijk) = (8<Ji, (Tj — Oi — B<7ij, (Tjk — &ik + CTij + 8<Jijk)- 

The q-th cohomology of the complex (A P '*(U),D) is the Cech-Dolbeault cohomology 
H p ^ q {U) oilA of type (p, q), which is shown to be canonically isomorphic to the Dolbeault 
cohomology H^' q (V) of V (cf. Theorem 3.1). 

Likewise we have the cohomology H p ^ q {U') of the complex (A P, *(W), D) by omitting 
Uq in the above. 

Also, setting A p,q {U, Uq) = {a G A p ' q (U) \ a = }, we have the relative cohomology 
H^ q (U, Uq), which we also denote by H^ q (V, V\S). 

The Atiyah classes are defined in the Cech-Dolbeault cohomology as in Subsection 
4.1, taking a (1, 0)-connection on each open set and making use of difference forms. In 
our case, the first Atiyah class ^(Ny) is represented by the cocycle a x (V*) in 

A^(U) = @iA l > l (Ui) ® iKj A lfi (U tj ), (9.3) 

(note that A p > q - 2 (U ijk ) = in (9.2), if (p,q) = (1, 1)) given by 

a 1 (V*) = (a 1 (V i ),a 1 (V„V J )), 

with Vj a (1, 0)-connection on Ui. If we take an Fy^-connection as Vo, we have a 1 (Vo) = 
(cf Theorem 6.10). Hence a 1 (V*) is in A 1,1 ^, Uq) and defines the localization a l (Ny, Ty) 
in H)?\U,U ). 

Recall that V is defined by ^3 = in P 3 . Thus, in W^ it is defined by z = with (x, y) 
coordinates on W^ ' fl V(~D Ui), in W^ 2 ' it is defined by x 2 = with (y 2 , z 2 ) coordinates 
on W^ fl V(d U 2 ) and in W^ it is defined by yi = with (xi,zi) coordinates on 

w^nv(DU 3 ). 
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Proposition 9.4 Let J 7 be the singular distribution on P 3 as above. It leaves the hyper- 



plane V given by (3 = invariant. We have the localization a 1 (Ny,J r y) ^n H^ (U, Uq) of 



a 1 (Ny) in H^ (Li) = H^ (V). By a suitable choice of connections Vj, it is represented 
by the Cech-Dolbeault cocycle a 1 (V*) = (a 1 (Vj), a 1 (V«, Vj)) given by 



a}{Vi) = 0, < i < 3, 
a'CVcVa) 

a 1 (V 1 ,V 2 ) 



^(VcVi) 



^T dx + rfy 



- — z 2 dz 2 

2tt V 1/2 



r ^-dy 2 



2n y 2 



^(Vi.Vg 



2vr y 




o^VcVs)^- 


\/— T / dxi 


27T V 3 -!- 2 ! 


' 


^(Va.Vs) 






1 d^i 



27T Xl 



2tt z\ 



Proof : By taking an Fy -connection for Ny on Uq as Vo, we have a 1 (V« 
above. We have the exact sequence 



as 







TV 



TP 3 | 



n, 



0. 



On each of U\, U 2 and U3, the bundle Ny is trivial and we may take v\ 



^m, 



v 2 = 7r(^-) an d ^3 — ^l^ - )? respectively, as a frame of N v . Let Vj be the connection 
trivial with respect to z/«. Then we have a 1 (V«) = 0, 1 < i < 3. 

To compute the difference forms a 1 (Vi, Vj), we first make the following observation 
(cf. Subsection 1.2). Let 9,i be the connection matrix (form, in this case) of V» with 
respect to some holomorphic frame v of Ny. Then, since the #j's are of type (1, 0), 



a 1 (V„V J )=c 1 (V i ,V i 



^T 



2n 



(9.5) 



Moreover, if v = av is another holomorphic frame and if the #j's are corresponding 
connection forms, we have (cf. (1.4)) 



@i — @i + 



da 



(9.6) 



We first compute a 1 (Vo, Vi). For this, we find the connection forms #0 an d #1 of Vo 

and Vi with respect to the frame v\. Since 9\ = 0, we only need to find 6q. Note that 

Uoi C W(°\ where we may take the vector fields V\ and v 2 in (9.1) as generators of J- '. 

We set 

d d d 

u\ = v 1 \y =y— and u 2 = v 2 \y = — . 

ay ox ay 

Since 8q is of type (1, 0), we may write as 6q = f dx + g dy. Then, on the one hand we 
have Vq(^i)(mi) = yg ■ v\ and Vq(^i)(«2) — (/ — 9) • v \- On the other hand by definition, 



and 



V (^i)(ui) = vr 



Vo(^l)(«2) = 7T 



d 



d d 



dy dz ' dz 



d d d 
dx dy J dz 



■fi, 
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Hence we get 

dx + dy 

"o = , 

y 

which gives the expression for a 1 (Vo, Vi) by (9.5). 

Similar computations show that the connection forms of Vo with respect to the frames 

z/ 2 and u 3 are, respectively, —z 2 — + dz 2 and — — — , which give the expressions for 

yi x\z\ z\ 

a 1 (Vo,V2)ando 1 (Vo,V 3 ). 

Finally the relations v 2 = —vi, vj, = —v\ and v% = —v 2 give the expressions for 

a^Vi, V 2 ), a^Vi, V 3 ) and a 1 ^, V 3 ) by (9.6). 

□ 



Remark 9.7 From the above, we see that the curvature form of Vo with respect to v\ is 
given by 

dx A dy 

ko = de + e Ad = -A 

y 

Since it has no (1, l)-component, we verify a 1 (Vo) = 0, while c 1 (Vo) = 2 ^~ K Q does not 
vanish. 

We now try to find the corresponding residue. For this, we first consider the cup 
product in our case. Recalling (9.2) and (9.3), it is a pairing 

A^\U) xi M (W) ^A 2 ' 2 (U) 

given by 



(<7j, <7y , 0) ^ (Tj, Tjj, 0) = ((Tj A Ti, Oi A Tjj + Oij A Tj, — (Ty A T jk ). 



This induces a pairing H^ (U) x if s ' (U) — > H^ (U), which followed by integration 



j v : H£ (U) ~ ifg' (V) — > C defines the Kodaira-Serre duality. 

In the relative case, we have o"o = and the above cup product involves only (ri,Tij) 
with % > 1. Hence we have the pairing 

A X >\U,U ) x A 1 - 1 ^') — ► A 2 ' 2 (W,£/ ). 
This in turn induces the pairing 

H^(U,U ) x tf^(Z/) — ► Hf(U,U ), 

which, followed by integration, defines the (^-Alexander homomorphism 

AiH±\U,U Q )—*H±\U'Y 

and we have a commutative diagram as in Proposition 3.6, to which we come back below 
(cf. (9.12)). 

We look the the <9-Alexander homomorphism more closely. We take a "system of 
honeycomb cells" (BA adapted to U, which will be given explicitly below. For a class [a] 
in H£ (U, Uq), a = (<Tj, a^), the image of [a] by A is a functional assigning to each class 
[r] in H£ (W), t = (tj,Tjj), the integral 
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/ a w T = V" I / o- • a Ti + / cr i A r» J 
^V l< i<3 \JRi JRoi J 

(9.8) 




CTj A Tij + Cr„ A Tj - / Cr j A Tij 

Roij 

In the above, each Ri has the same orientation as V . We set Rij —Rid Rj = dRi fl dRj, 
which has the same orientation as dRi (opposite orientation of dRj) and Roij = RqCiRij = 
8Rq fl dRij, which has the same orientation as dR^. 

In fact, the right hand side of (9.8) can be reduced choosing Stein open sets as Ui, 
1 < % < 3, which is possible (for example, we may take as U\ a tubular neighborhood of 
Si \ {P} inVil W (0) containing R x , or even the whole V n W w ~ C 2 ). 

Lemma 9.9 If we choose Ui, 1 < i < 3, to be Stein, we may represent every class in 
H^ {lA') by a cocycle of the form £ = (0, £„■). 

Proof : From Dr = 0, we have <9tj = 0, 1 < % < 3. Since each Ui is Stein, there exist 
a (1, 0)-form pi such that Tj = <9pj. If we set £ = (0, £y) with 

Sij Ty 'Pi Pji 

Then we have r = £ + -Dp, p = (p^, 0). □ 

If we use the representative as above, the right hand side of (9.8) becomes 




CTiA&j- I OoiA&j ) . (9.10) 

Roij 

Recall that the residue Res a i(JV, Ny] U') of Ty with respect to a 1 for Ny on U' is the 
image of the localization a 1 (Ny, J-y). 

Proposition 9.11 If we choose connections V, as in Proposition 9.4 and a representative 
£ of each class in H 1,1 ^') as in Lemma 9.9, the residue Res a i(J-V, Ny; U') is the functional 
assigning to [£] the value 



J2 I ^(VcVOa^, 



l<*<j<3 jR 0ij 

Proof : The proposition follows from a 1 (V«) = and (9.10). □ 

The domains of integrations Rq^ can be given explicitly, for example, as follows. Let 
S be positive number with 5 2 < 1, and set 

Rs = {(eV\ |Col 2 + IC2| 2 <5 2 |Ci| 2 }, Ri = {(eV\ \( 2 \ 2 <5 2 \( \ 2 }\lntR 3 , 

R 2 = {(EV\ |Co| 2 < 5 2 |C 2 | 2 } \ Int R 3 , Ro = U \ (uf =1 Int R t U 1 < i<J < 3 Int R^). 

From 5 < 1, we see that R\ 2 = and thus i? i2 = 0- We first express i? i3 explicitly. 
As a set, it is given by 

\y\ = 5, 1 + \y\ 2 = 5 2 \x\ 2 and z — 0. 
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Setting 5' 



t S , we have 



#013 = { (x, y) | \x\ = 5', \y\ = 5}, 
oriented so that arg x A arg y is negative. Similarly we have 

^023 = { (2/2, Z 2 ) I |s/2 1 = 5, |Z 2 | = ^' }, 

which is oriented so that arg 2/2 A arg 22 is positive. 
Now we consider the commutative diagram 



H^(U,U ) 



> ffj^w) ~ if ^(v) = h^p 2 ) ~ /f 2 (P 2 , q 



KS v =Pv 



(9.12) 



fW)* 



, i) ,,, , i-». i^w^ ^(^r = ^(p 2 )* 



Jf 2 (P 2 ,C). 



The normal bundle Ny of V in P 3 is isomorphic to the hyperplane bundle H on 
V = P 2 . Since P 2 is compact Kahler, we know that the first Atiyah class a x (Ny) in 
Hg A (y) = Jf 2 (P 2 ,C) - C coincides with the first Chern class c l (N v ) = c l (H), the 
generator of the cohomology. 

We try to find i*Res c i(.F, Ny; S) and verify the Residue Theorem 4.3. Recall that 
the isomorphism Hg' (P 2 ) — > H£ (14) is induced by r \- > (Ti,Tij) = (r, 0). Note that 



l, which is generated by the class of 

\/-L 



H^ (14) is induced by r 1— > (tj,Tjj) 
t the cla: 

dd log 



r 



2n 



(cf. e.g., [13]). For r we may take, as p; in the proof of Lemma 9.9, the forms 



Pi 



\/^T xdx + ydy 
2tt 1 + |x| 2 + |s/| 2 ' 
and we compute 

63 = Pi - P3 



P2 



Z 3 ! 1/2 cfc/2 + ^2 dz 2 
2vr 1 + I2/2I 2 + k 2 | 2 ' 



■1 dx 

, ?23 = P2 — P3 



P3 



/— 1 xi dxi + ^i d^i 

2tt l + |rn| 2 +|2;? 



-1 d^o 



2?t x *""" ' ' " 2n z 2 

Thus, to the canonical generator [r ], the residue assigns the value 



/ ^(VcVOAGs- / a 1 (V ,V 2 )A6 3 
J Row J R023 



2ix 



2tt 



/I'n 



#01 



dx + dy\ dx 
A — + 

y J x 



dx A dy 



dy 2 



z 2 — dz 2 I A 

R023 V 2/2 J Z 2 



dz 2 



xy 



as expected, since -R013 is given by \x\ = 5' and \y\ = 5, oriented so that arg a; A argy is 
negative. 

Remark 9.13 Although the first Chern class ^(Ny) is not localized as a Chern class 
(cf. Remark 9.7), it has the "Atiyah localization" and the 'Atiyah residue". 
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